SMOOTHNESS SPACES OF HIGHER ORDER 
ON LOWER DIMENSIONAL SUBSETS OF 
THE EUCLIDEAN SPACE 



LIZAVETA IHNATSYEVA AND RIIKKA KORTE 



Abstract. We study Sobolev type spaces defined in terms of 
sharp maximal functions on Ahlfors regular subsets of R™ and the 
relation between these spaces and traces of classical Sobolev spaces. 
This extends in a certain way the results of Shvartsman |20j to the 
case of lower dimensional subsets of the Euclidean space. 



1. Introduction 

A. Calderon proved in [7] that a function belongs to the Sobolev space 
on M n if and only if the function and its sharp maximal function of 
the corresponding order are both in an L p -space; see also [S]. This 
characterization does not use the notion of derivatives and therefore it 
can be used to at least formally define Sobolev spaces in more general 
settings. Some recent results show that this approach is reasonable. 
In particular, P. Shvartsman proved in |20j that the trace of a Sobolev 
space to an arbtirary Ahlfors n-regular subset of the Euclidean space 
admits an intrinsic Calderon type characterization. Note that this kind 
of subsets may even have an empty interior. See also [H], where a 
description in terms of sharp maximal functions for Sobolev spaces on 
extension domains was given. 

The main purpose of this paper is to extend Shvartsman's results to 
lower dimensional closed subsets of the Euclidean space. In [10] A. 
Jonsson characterized the trace spaces of Sobolev spaces to Ahlfors 
regular sets as certain Besov type spaces. Therefore, our problem can 
be also formulated as comparison of these Besov spaces and Calderon 
type spaces. Since traces of Sobolev spaces to lower dimensional sub- 
sets are of essentially different character than classical Sobolev spaces, 
an exact characterization of Calderon type seems not to be possible on 
such subsets. However, in our main result, Theorem 14.11 we show that 
Calderon type spaces lie between certain Besov spaces. This result in 
particular implies that the trace space of a Sobolev space is embedded 
in the Calderon type space of the corresponding order and that it con- 
tains any Calderon space of higher order, see Corollary 14.41 Our results 
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have a similar spirit as Theorem 4 in [T5], where relations between the 
trace spaces of first order Sobolev spaces and Hajlasz-Sobolev spaces 
were explored. In particular, their result is also of embedding type, 
not a sharp characterization, which is not surprising since the Hajlasz- 
Sobolev space coincides with a Calderon type space in their context. 

In this paper, we only consider Ahlfors regular sets whose codimension 
is less than one. This lower bound for the dimension was due to the 
observation that usual properties of sharp maximal functions on R n , 
studied e.g. in [9], remain valid on sets preserving Markov's inequalities 
for polynomials, and by [12] Ahlfors s-regular sets with n — 1 < s < n 
have this property. This class of sets includes, for example, many 
interesting Cantor type sets and self-similar sets. 

There are very few approaches to spaces of higher order smoothness 
even on such kind of sets, in spite of the fact that the first order smooth- 
ness spaces have been extensively studied in different situations. One of 
the goals of the paper is to show the advantage of Calderon's approach 
or, more precisely, its local polynomial approximation interpretation in 
[I] , (9] and [20] , in defining Sobolev type spaces in more general setting; 
see the related discussion in Section [5j 

2. Preliminaries 

Let H s denote the s-dimensional Hausdorff measure on M n and let 
Q = Q(x, r) be a closed cube in MJ 1 centered at x with side length 2r 
and sides parallel to the coordinate axes. 

We say that a subset 5 C R" is an s-set (or Ahlfors s-regular) if there 
are constants C\, c 2 > such that for every cube Q = Q(x,r) with 
center at S and diam Q < diam S, we have 

Cl r s < H s (Q(x,r)nS) < c 2 r s . 

In this paper, we will always assume that 5 C 1" is an s-set with 
n — 1 < s < n. 

2.1. Sobolev spaces. Let L p (M. n ) be the Lebesgue space of L p -integrable 
functions in R™. For a non-negative integer k and 1 < p < oo, the 
Sobolev space W k ' p (M. n ) consists of all functions / £ L p (W. n ) having 
distributional derivatives D^f, \j\ < k, in L p (M. n ). 

There are several approaches to the notion of smoothness spaces of 
fractional order. One of them is as follows. 

2.2. Potential spaces. The Bessel kernel of order a > is the func- 
tion G a £ L 1 (R n ) defined by 

G(0 = (l + 4vr 2 |e| 2 )- Q/2 . 
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The potential space L^,(M n ), a > 0, 1 < p < oo, is 

L£ (R*) — {/ — Gq, * g : g £ TJ>(R n )}, a > 0, 
and L£(M n ) = L p (IR n ). 

It was shown already by Calderon [6j that if 1 < p < oo and a is a 
non-negative integer, the Sobolev spaces and potential spaces coincide, 



2.3. Besov spaces. Another scale of spaces which is widely used in 
the study of fractional order smoothness properties of functions is the 
family of Besov spaces. For a > and 1 < p, q < oo, the Besov space 
BP' q (R n ) may be defined in the following way. Let k be the integer 
such that 0<k<a<k + l. Then B% q (M. n ) consists of functions 
/ G L p (W n ) such that 



ifk<a<k + l and 1 < p, q < oo. If q = oo, then (12. ip shall 
be interpreted in the usual limiting way and if a = k + 1, the first 
difference of TP j in (12. ip shall be replaced by the second difference. 
For more details, see [3]. 

There are several equivalent characterizations of Besov spaces B^ q (M. n ), 
for a general theory of these spaces see, for example, monographs [3], 
[2T] and the references therein. We are interested in Besov spaces as 
spaces of traces of functions from Sobolev or, more general, poten- 
tial spaces to subsets of R n . See the next paragraph for more precise 
formulations. 

Jonsson and Wallin [11] extended the notion of a Besov space to more 
general setting. They introduced a definition of Besov spaces on general 
s-sets, < s < n, in M n . The definition is rather technical, but when 
n — 1 < s < n, it admits a more simple formulation, which is based 
on the local polynomial approximation approach, see Theorem 5 on p. 
135 of [12]. In this paper, we will use this formulation. 

Definition 2.2. Let S be an s-set with n— 1 < s < n. Let 1 < p, q < oo 
and a > 0. Then a function / is in the Besov space B^' 9 (S) if / G T P (S) 
and there is a sequence {c u }^L , Yliv c u < °°; sucn that for every net 
7r with mesh size 2~ u , v — 0, 1, . . . , there is a function P n f G P[ Q ](7r) 
satisfying 



i.e. 



T p k (W n ) = W k ' p (R n ), 1< p < oo, k G N. 




< oo, (2.1) 




(2.3) 
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Here P/ C ( 7r ) denotes the set of all functions g such that the trace of g 
to a cube Q G 7r is a polynomial of degree at most k, and [a] is the 
largest integer that is not greater than a. 

Note that in [T2], the definition is stated for s-sets preserving Markov's 
inequality. However, by Theorem 3 on p. 39 of [12J, all s-sets with 
s > n — 1 satisfy this condition. 

2.4. Traces of Sobolev functions. We say that / can be pointwisely 
defined at x if the limit 

f(x) = lim / f(y) dy = lim — - I f(y) dy 

JQ(x,r) \Q(X, r) | J Q(X)T) 

exists. By Lebesgue's theorem f = f a.e. in IR n . 

At every x G S where f(x) exists, we define the trace of a function / 
to S by 

f\ s (x) := /(*). 

If / G L^(IR n ), 1 < p < oo, then the Hausdorff dimension of the set 
of points x G M n where f{x) does not exists is at most n — (3p, see 
for example pQ. Thus the trace of a function / G L^(R n ) to an s-set, 
s > n — (3p, is well defined i.e. f\$ is defined at if s -a.e. point of S. 

The next statement, which was proved by A. Jonsson in [10], gives a 
characterization of the trace of the potential space to an s-set. 

Theorem 2.4. Let S be an s-set, < s < n, 1 < p < oo and a = 

3_n=s >Q Then 
r P 

L^R n )\ s = B^(S), 

where the equality means that the trace operator 1Z : / f\$ satisfies 
the inequality 

\W\\bs,''(S) < c II/IIl^(M") 

for some constant c and for all functions f G L p ^(M. n ), and there ex- 
ists an extension operator £ : B% P (S) — > L^(M n ) such that for some 
constant c, we have 

||£#||i,p(r™) < c\\g\\ B p,p( S ) 

for all functions g G 

Since for 1 < p < oo and for nonnegative integers (3, the potential space 
I/JW 1 ) coincides with the Sobolev space W^ ,p (M. n ), the theorem above, 
in particular, gives a characterization for traces of Sobolev spaces. 
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3. The sharp maximal functions on s-sets and 
corresponding smoothness spaces 

In this section, we introduce Calderon type smoothness spaces on s- 
regular subsets of IR n which are defined in terms of fractional sharp 
maximal functions. We start with the basic notions. 



3.1. Local polynomial approximations. Let / G L U (S,H S ), < 
u < oo, Q be a cube in IR n and Qs = QC\ S. Then the normalized local 
best approximation of / on Q in L U (S) norm is 

l/u 



£k(f, Q)l^(s) := mf 4 \f-p\ u dH 



pePk 



1 \JQs 



£k(f,Ql)Lv(S) < ( Tj s(r . r, m ) £k{f-,Q2)L*(S) (3-1) 



where k > 0, is a family of all polynomials on M. n of degree at most 
k. We also set P_i := {0}. 

Note that for every pair of cubes such that Q\ C Q2, we have 

' H s (Q 2 nS) ^ 1/u 
H^ns) 

and by the s-regularity of a set S, this further implies that 

fr 2 Y /u 

£k{f,Qi)L«(S)<c[—J S k (f,Q 2 )L^(s)- (3.2) 
Here Q { = Q(xi,n). 

In the setting of the Euclidean space, £&(/, Q)x«(k») is the main object 
of the theory of local polynomial approximation and, in particular, 
it gives a unified framework for the description of various spaces of 
smooth functions, see for example the survey [I]. 

3.2. Maximal functions. Fix a > and set k = —[—a], i.e. the 
greatest integer strictly less than oe + 1. For a locally integrable function 
/ on S, we define the fractional sharp maximal function 

fi, u ,s( x ) '■= su P7^£k(f,Q(x,t)) L u {s) , x e S. (3.3) 

From now on, we will write f a s instead oi f ais for short. 

Since S is an s-set, it follows from (I3.2p that the supremum over cubes 
centered at x in the definition above can be replaced by the supremum 
over all cubes with centers in S containing point x. 

When S = M. n , maximal functions of this type were first introduced by 
Calderon [7] (see also the paper of Calderon and Scott [8]). It follows 
from the results of [7\ that a function belongs to the Sobolev space 
W k ' p (R n ), 1 < p < 00, if and only if / and /| >Rn are both in L p {R n ). 
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Motivated by Calderon's characterization of Sobolev spaces define the 
following function spaces on s-sets 



CS(5) = {/6l/(5):||/|| cg = ||/|| 1 ,+ ||y* 5 || J> <oo} ) P >1. (3.4) 

Remark 3.5. If, in the definition (13.31) . we make another choice for 
the degree of projection, namely, we set k — [a] + 1 i.e. the smallest 
integer that is strictly larger than a, we will get another variant of a 
fractional maximal function. We will denote it by f^ s . Clearly, y aS 
differs from s only if a is an integer. 

Fractional sharp maximal functions on IR n and the corresponding smooth- 
ness spaces were studied in detail in the monograph of R. DeVore and 
R. Sharpley [9]. Note that in this paper, we use the same notation as 
[20J, but it differs from the one in [PJ. 

P. Shvartsman proved in [20] that, when S is an n- regular subset of 
1R™, the trace space to S of the Sobolev space can be characterized via 
sharp maximal functions, namely, 

W k > p (R n )\ s = C p (S), p>l. 

We aim to study the relationship between the trace spaces of W k,p (W l ) 
to an s-set S, n — 1 < s < n, and the spaces of functions defined in 
terms of sharp maximal functions on S. Since in this case the trace 
space W k,p {R n )\s coincides with the Besov space B P ' P (S), a = k — 
> (see Theorem 12 .4p . the problem can be also formulated as the 
comparison of B P,P (S) with C P (S). Note that in this case, a is not an 
integer and consequently the exact choice of k for integer a does not 
matter, see Remark 13. 51 

3.3. Projectors. For the study of sharp maximal functions (13.31) . it 
is useful to construct for every cube Q C lR n a projection operator Pq 
from L X (Q fl S) onto the subspace Pk-i{R n )\Q n s, k G N, such that 

£ k (f, Q) L% s) « (H S (Q n S^Wf - P Q f\\ LHQns) . 

This is possible due to the following property of polynomials. 

Proposition 3.6. Let S be an s-set with n — l<s<n and 1 < q, u < 
oo. Then for every polynomial p of degree k and every cube Q centered 
at S, we have 

(-f \p\* dH s ) lq < c( / \p\ u dH s \'\ (3.7) 
\JQns J \Jqds J 

where the constant c > 1 depends on n, k and S. 
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See Proposition 3 on p. 36 in [12] for the proof. See also [5], where a 
more general inequality of such kind is proved. 

Actually, the reverse Holder inequality for polynomials (13. 7)) guarantees 
that the maximal functions f\ s have most of the properties of their 
counterparts defined on M. n . In particular, we use it to show that, in 
the definition of the space C^(S), the function f^ s can be replaced 
with fa uS , 1 < u < p, without changing the space. 

Recall that Qs = Q D S. We fix now one more notation, namely, for a 
cube Q and a function / G L U (S, H s ), 1 < u < oo, we denote 

E k (f,Q) LHS) := inf ( f \f - p\ u dH s ) ' . 

P^Pk~i \Jq s J 

Proposition 3.8. Let k G N and Q be a cube centered at S . Then 
there exists a linear operator Pq : L l (Qs) — > Pk-i such that for every 
1 < u < oo and every f G L U (S) 

(/ \f- p Qf\ UdHS ) ' <<&ktf,Q)Lns), 

with some constant c independent of Q. 

Proof. Following the construction of Pq from [2U], let {p@ : < A; — 1} 
denote an ortho normal basis in the linear space Pk-i with respect to 
the inner product 

(f,g}= [ fgdH s . (3.9) 

JQs 

Note that since s > n—1, formula (13.91) defines an inner product indeed. 
Set 



p Qf ■= E ( / fpp dHS ) 

\B\<k-i K - J Qs / 



We estimate the operator norm of Pq in L u norm. For every / G 
L u (Qs), we have 



\P Q f\\LHQs)< E / M*^' 



|/3|<fc-l 

By the Holder inequality, 

WPq/Wl^Qs) < ( E 

|j8|<Jfe-l 



lb/9|U«(Q s )- 



IIP/8 ll£»'(Os) j II-/ H iu (<9s)' 

/8|<fc-l 

and by Proposition 13. 6[ 

lb/3 IU»(Qs) lb/3 II L«'(Q S ) 

< c((if s (g 5 ))^i |b^|U 2(Qs) ) ((# S (Q 5 ))" MU*(q s) ) = c. 
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Hence 



P QfhHQs) < c ll/IU"(Qs)- 



Now, let pq denote a polynomial of degree k — 1 satisfying 




= E k (f, Q)l*(s)- 



Then we can write 

/ -PqS = (f ~Pq) -PqU ~Pq) 
and, consequently, we get the estimate 

(/ \f ~ P Qf\ U dHS ) 1,U ^ ( 1 +W P Qf\\LHQs))Ek(f,Q) L HS) 

< cE k (f,Q) L u (s) . □ 

The proposition above together with the definition of the sharp maxi- 
mal function (13. 3 p implies that 

O*) w su p h ( / 1/ - p <Wl n 7 • ( 3 - 10 ) 

*>o t \jQ(x,t)ns J 

Now we consider some properties of the projectors Pq. 

Lemma 3.11. Let function f G L 1 1 oc (QnS') and cufee Q = Q(x,r) C M n 
6e centered at x G S 1 , i/iere: 

(1) P Q (A) = A /or an?/ A G R; 

(2) \P Q f(y)\<c\f\ QnS , yeQHS; ^ 

(3) // Q' centered at S is such that Q' C Q and 

H s (Q'nS) > cH s (QnS), 

then 

\P Q f(z) - P Q >f{z)\ <c-f \f-P Q \ dH s , zeQ'nS- 

JQns 

(4) IfQ' = Q(y,r), y G S, such that Q' n Q ^ 0, then 

\P Q f( Zl ) - P Ql f{ Zl )\ < C I \f- P Q{z2 ,2r)f\ dH S 

JQ(z 2 ,2r)nS 

for every Zi, z-i G Q C\Q' fl S. 
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Proof. Properties (CQ) and directly follow from the construction of 
projectors Pq. Let us prove By (j3.7p . we have 

sup|P Q / - P Q ,f\ < c I \P Q f - P Q ,f\ dH s 
Q's J Q' S 

-I \f-P Q f\ d H s +-l \f-P Ql f\dH s 
J Q's JQ's 

-I \f-P Q f\dH s + S k (f,Q') LHs) ]<cJ \f-P Q f\dH s . 



< c 



< c 



Note that if cubes Q = Q(x, r) and Q' = (y, r') are such that QnQ' ^ 
then Q, Q' C Q(z2, 2r) for any z 2 G Q D Q'. Then, since 

<|P Q /(Z 1 ) - Pq( 22> )/(^)| + \P Q if{ Zl ) - P Q{z2 ,2r)f(Zl)\, 

the statement (JH) easily follows from Q- □ 

Remark 3.12. If x G S is a Lebesgue point of a function / G Ll oc (S), 
then, by definition, 



lira/ |/-/(x)|rfP s = 0. 



(3.13) 



By statements ([T]) and ([2]) of Lemma 13.11} we have 

\P Q{x ,r)f(x)-f(x)\ = \PQ ix ,r)[f-f(x)](x)\ <cl \f - f [x)\dE S . 

JQ(x,r)nS 



Since almost every point of S is a Lebesgue point of a function / G 
Ll oc (S) (see for example [IS]), we have 

limP Q ( Xir .)/(x) = /(x) a.e. on 5. (3.14) 



The following lemma is a special case of Theorem 1 in [T7] (see also 
Theorem 1 in [H]). For the sake of completeness, we will sketch the 
proof here. 

Lemma 3.15. Suppose that a > 0, q > 1 and f G Ll oc (S). Then for 
any cube Q = Q(x,r), x G S, we have 

{{ \f-P Q f\«dH s ) /V <cr a ( I (fl s ydH s ) , (3.16) 
\JQns J \J2Qns J 

where - = - + -. 

a q s 

Proof. Let xq be a Lebesgue point of a function /. We will show that 



\f(xa)-P QM f(xa)\ < cr a (f s (x ) 



l — acr/s 



JQs{xo,r) 



IsY dH s 



a/s 



(3.17) 



For every cube Q(x, t) C M. n , let Qs(x, t) denote the set Q(x, t)nS and 
consider 

u(x,t) = ±-f \f-P Q(x , t) f\dH s , 
1 JQsfat) 

By Proposition 13.81 and (13. 2p , we have 

u(x, t) < cu(x, t) if r < t < 2r. (3.18) 

If Q fe = Q( Xo ,2- k r), k > 0, then by (ETT1) . Lemma EH] and (l3TT8|) 
respectively, we obtain 



\f(x )- P Q(x0ir) f(x )\ 



k=0 

oo 

< cr a 2- ka u{x , 2- k r) ( 3 - 19 ) 

fc=0 

r dt 

< cr a u(x ,r) + c / t a u(x ,t) — . 

Jo t 



Let 

l/a 



I=(-f (fi,sTdH s ) (3.20) 

\jQ s (x ,r) J 



Qs(xo,r) 

and consider two cases: 

(1) If fl s (x ) < I then by ( 13~T0|) . we have 



r-^(x ,t)^ < cr Q /» j5 (x ) < ^(/^(xo)) 1 --/" 
(2) If /i )5 (x ) > /, then define r = rrl s {f^ s Y c l s < r and write 

i a_1 u(xo, t)dt = (j + J J i a_1 u(x , t) dt = h + I 2 . 
Then 

h < crVl s (x ) = cr"(fl s (x )y-™I™. 
To estimate note that for every t < r, we have 

1/(7 / \ s/(T 

./;.)" <///") 

jQ s (x ,t) 

and therefore 

Consequently, we have the same estimate as in case ([I]) for the 
integral in (I3.19p . 
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u 



(x ,t) <c(-f (fisTdH*) ' < cfe) ' J, (3.21) 



To estimate u(x ,r), we use (I3.2ip with t = r. Thus 

u{x ,r) = [u{x ,r)\ • [M(x ,r)J . < [/; j5 (x )J • J~ 
which finishes the proof of (I3.17p . 
Now consider 

(/ \f-P Q f\ q dH s y 9 <(^j \f{y)-P Q{y , ) f{y)\«dH s {y)j lq 

+ ({ \P Q{ y,r)f(y)-P Q f(y)\ q dH s (y) 
\JQs 

=h + h. 

By (I3.17p . we have 

h <cr a (-f (flsiy))^-™^ ( I (fi s ydH s Y a/S dH s (y)) '\ 
\JQs K JQs{y,r) J J 

and since for every y G Q(x,r), the cube Q(y,r) C Q(x,2r), we have 

a/s / p \ l/q 



\./Q s (a;,2r) / \JQs / 

JQs(x,2r) J 



If y G Q(x, r)nS and z G 2r) flS 1 , then by statement 01]) of Lemma 
13. ll\ we have 

\P Qiy ,r)f(y) - PqM\ < c / 1/ - ^ s < cr Q /« iS (z). 

JQs(x,2r) 

Since the last inequality holds for any z G Qs(%, 2r), we have 

l*W)/(l/) - *V(v)| < crY / (/*,*)* 7 (3-22) 

for every y G Qs- This completes the proof. □ 

Applying the Holder inequality and Lemma 13.151 respectively, we get 
the following statement. 

Lemma 3.23. Let a > 0, u > 1 and f G L 1 1 oc (S'), then 

ft,s < fLsW < c M Ml,s)(x), (3-24) 

where 1/cr = 1/u + a/s, M is the Hardy- Littlewood maximal operator 
andM a (g) = [M(|#| fJ )] 1 / ,J . 
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Remark 3.25. Recall that the function space C P (S) is defined as the 
set of functions / G L P (S) such that G L P (S). By Lemma P3.23I 

and the L 9 -boundedness of the maximal operator for q > 1, the set 
of functions such that fl uS G L P (S) is independent of it as long as 
1 < k < p. Thus, we can use any value of u in the definition of the 
space C P (S). Furthermore, the next lemma shows that to define C P (S), 
it is enough to consider local best approximations on cubes with side 
length less than any fixed positive number. 

Lemma 3.26. Let p > 1, 1 < u <p and 7 > 0. Then C P (S) coincides 
with the space 

{/ G L P (S) : sup r a £ k (f,Q(;t)) L u (s) e L P (S)}. 

0<t<-y 



Proof. First let 1 < u < p. For every x G S, we have 

l/u 

(3.27) 



sup Q(x, t)) L „ (s) < 7" a sup ( / \f\ u dH 

t>1 1 *>7 \JQ(x,t)nS 



< c(M(D(x)) l / u 

and the claim follows from the L 9 -boundedness of the maximal operator 
for q — p/u > 1 . 

If u = p, we take some 1 < q < p. By (I3.24p . we have 

H H 

ll/a,p,5lU p (S) < c\\fa,q,s\\LP(S) 

< II SU P ^£*(/,Q0M))l9(s)Hlp(s) + II sup^-^(/,Q(x,t)) L9(5) || LP(5) , 

0<t<7 I t>7 J 



where the first summand is bounded by the assumption and the second 
by (J32ZD- □ 



4. Comparison with Besov spaces 

The following theorem is the main result of the present paper. 

Theorem 4.1. Let S be an s-set with n — 1 < s < n, 1 < p < 00 and 

a be a non-integer positive number. Then 

B p a p (S) C C P (S) C B%°°(S). (4.2) 

Remark 4.3. If a > is an integer then in the embeddings (14. 2 p the 
space C P (S) shall be replaced with the space 

{/ G L p (S) : fl s G L p (S)}, 
see Remark 13.51 for the difference between functions s and 



5- 
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Theorem 14. II is an analogue of Theorem 7.1 in [9J for S = M™. Examples 
similar to the ones constructed in [5] show that the embeddings ( 14. 2 p 
are the best possible within the scale of Besov spaces. 

The case of s-set with s strictly less than n is of our current interest 
due to the characterization for traces of potential spaces to s-sets given 
by A. Jonsson, see Theorem 12.41 

Corollary 4.4. Let S be an s-set, n — 1 < s < n, 1 < p < oo, k G N 

and a = k — (n — s)/p > 0. Then for any < e < (n — s)/p 

C p a+£ (S)cW p k (R n )\sCC?(S). (4.5) 



To prove Theorem 14.11 we need the following representation for the 
norm of Besov spaces. 

Theorem 4.6. Let S be an s-set, n — l<s<n,a>0,l<p,q<oo 
and k = [a] + 1. Then, when q < oo, we have 

i B ,,^li/li^ + (/ 1 ( l|£t(/ ' Q( -' f P"' s ' ll "' s ' )'f V/ ' 

and 



Bl-°°{S) ~ ||/||lp(S)+ sup t a \\£k(f,Q(-,t)) L P iS )\\LP(S)- 
0<t<l 

Remark 4.7. Such characterization of Besov spaces is fairly standard, 
see for example [1] , [21] for the case when S = R™ and [12] , [2D] for the 
case of n-sets. 

Proof. First, suppose that the right-hand-side is finite. We note that 
by (13. ip . we can replace the integral by the sum 

g2-^^^(/,Q(x,2^)) LP(5) dH s (x)j . (4.8) 

Take a net 7r = {Qi, £ = 1,2,...} with mesh size 2~ u and let P n f be a 
function from Pk{^) which will be chosen later. Clearly, 

[ \f-PJY dH s = Y" I \f-PJ\ P dH s = V [ \f-PJ\ p dH\ 
where tt' = {Q G tt : Q n S ^ 0}. 

Set t = 2~ v ~ l . For any cube Q = Q(x,t) from 7r', choose a point 
y G Q n S and set K = Q(y, 2t). Then Q C K and 

where constant c depends only on n. 
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The center of every cube K is in S. Hence, by Proposition 13. 8[ there 
is a projector P K : L 1 (K fl S) — > P[ a ] such that 

/ 1/ - P K f\> dH s < cH s (K n K) iP(5) , 

with constant c independent of / and K. Define P K f(x) = Pxf{x), 
x e Q, and P 7r f(x) = if x \J Q. For any point z G Kn S we have 

A" C Q(z,4t) and 



/ \f-P„f\ p dH s = [ \f-P K f\ p dH s 
JQnS JQns 

< [ \f-P K f\ p dH s 
J Kns 

<cH s (KnS)£ p (f,K) LP{s) 
<cH s (KnS)£ p k (f,Q(z,4t)) LP{ s h 

where the last inequality holds by (13. ip . Then we integrate the inequal- 
ity over the set K fl S to obtain 

/ |/ - P„f\* dH s <c [ S p (f,Q(z,4t)) LP{s) dH s (z). 
JQns J Kns 

Remember that we set t = 2~ v ~ l . Thus we have 

( f \f - PJ\ P dH s ) ^ <c(V [ £ P k (f,Q(z,2- v+1 ))u> (s) dH s (z) 
\Js J \ Q€w , J Kns 

<c(J s £ p (f,Q(;2-» +1 )) LP[s) dH^ /P . 



Let now c u be equal to the last integral multiplied by 2 VOL . Then 

oo oo , . \q/p 

J2cl = cJ2^ aq ( / £ P k (f,Q(x,2-»)) LP{s) dH s (x)) <oc, 

u=l v=\ ' 

so that, by (14. 8p . / G B P t ' q (S) and the wanted estimate for its norm 
holds. 

Suppose now that / G B p ' q (S) and n is a net with mesh size 2t, t > 0. 
Denote by n' a family of all cubes Q from it such that Q fl S ^ 0. If 
Q G vr'andx G QnS, then Q(x,t) C 2Q, H s (Q(x,t)nS) « H s (2Qf]S) 
and by (S3]) 

^(/,Q(x,t)) Lli(s) < c£ p (f,2Q) L u (s) . 
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Hence, 



/ £ p k (f, Q(x, t)) LHS) dH s (x) =J2 [ Qfo t))»(S) dH 

Js na , JQns 



QSvr' 

<cJ2H s (2QnS)S p k (f,2Q) LHS) . 

Q£TT> 

It is easy to see that family of cubes ff = {2Q : Q G 7r'} can be 
represented as tt = Ll™^, where m = 2 n and every 7Tj is a subfamily 
of a net with mesh size At. 

Set fc = [a] + 1 and t = 2~ u , v = 2, . . . . Since / G B^(S), there are 
functions P ni f G Pk-i, i — 1, ■ ■ ■ ,m, such that 



£ p k (f,Q(x,2-n) LH s) dH s (x) 

rn 

<c^^F(Qn% p (/,QW) 

i=l Qe-TTi 



^csup^^^gn^)) 1 -^ / \f-p^f\ u dH s 

= csup^ / \f-P„J\ p dH s , 

< csup / |/ - P.jr dtf s < c2^+ 2 ^_ 2 

and, consequently 

00 / r \q/p 00 

£2"W / ^(/,g(x,2^)) Ltt(5) dff'(x)J < c^c« < oo. □ 

Proof of Theorem 1^.1 , We start with the first embedding and use here 
the characterization of the spaces C'^(S) given by Lemma 13.261 By 
property fl3.ll) of local best approximation, we have 



1 oo 

sup — S p (f,Q(x,t)) LP{S) <cY^2^ ap £ p k (f,Q(x,2-n) LP 
o<t<± 1 u=1 

<c f 1 £gf,Q(x,t)) LP(s) dt 

Jo 

Thus, 



t a P t 



ii/i,nw,^// 1 £a/ ' q |:; t)W) > 

J S J 



1 f\\£k{f, Q lp (s)\\ lp (s)\ p dt 



t a I t 

15 



For non-integer a > the number k = —[—a] is strictly greater than 
a, hence, by Theorem 14. 61 the last term can be estimated by ||/||j9g ,p (s)- 

To prove the second embedding, we notice that for every a > 0, k £ N 
and t > 0, we have 

\\£k(f, Q(-,t))LP(S)\\LP(S) . n £k(f,Q(-,t))LP(S)u , An s 

< II sup || L P (S ). (4.9) 

Setting k — [—a] and taking the supremum over the interval (0, 1] in 
(gSD we get 

||/||b£'°°(S) < \\fi,S I \lp(S)- □ 

Since the statements of Lemmata 13. 151 13.231 13.261 hold true for the 
sharp maximal functions f a s as well, the case of integer a can be 
treated with the slight modification of the last proof; see Remark 14.31 



5. SOBOLEV SPACES ON S-SETS 

As mentioned above, the definition (13. 4p of the function space C%(S) 
yields the Sobolev space W k > p (R n ) if S = W 1 [7] or the space W k *{S) if 
S is a W fc,p -extension domain [TJ] . Motivated by these facts, one could 
ask a natural question: Can the spaces C^{S) be relevant analogs of 
classical Sobolev spaces in some more general settings? 

If S is an n-set, then C p k {S) is the trace space of W k ' p (W l ) to S [2Q] and 
therefore functions from Cl(S) possess certain distinctive properties 
of Sobolev spaces. In the case of s-sets with n — 1 < s < n, we 
can not derive the corresponding properties from the trace reasoning. 
Nevertheless, some results which are known for Sobolev spaces of higher 
order can be obtained. In particular, we have a version of Sobolev- 
Poncare inequality given by Lemma 13.151 and an analogue of Sobolev 
embedding theorem which is proved below. 

Proposition 5.1. Let S be an s-set, n—l<s<n,p>l,kp<s and 
q = sp/ (s — kp) . Then 

Wfhns) < c(\\flsh P{ s) + (dmmS)- a \\f\\ LP{s) ) (5.2) 
Proof. By Lemma 13.151 and by statement ([2]) from Lemma 13.111 

f \f\ q dH s ) < 4 \f-P Q f\«dH s ) + 4 \P Q f\ q dH s ) 

JQs J \-JQs J \JQs J 

/ Ulsf 'dH s \ 1 '+ / \f\dH' 
JlQs J JQs 



Choosing Q = Q(x, diamS"), where x is any point in S, and using the 
s-regularity of S, we get (15.21) . □ 
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For the first order Sobolev space, the definition in terms of //-properties 
of sharp maximal functions makes sense also in general situation of a 
metric measure space |13j . So far, very little is known about the higher 
order case. The problem is that in the definition of the sharp maximal 
function, we need a family of polynomials with special properties. In 
case of s-sets in M. n , n — 1 < s < n, such families do exist, see Sec- 
tion [3j In more general situation, one could use the related technique 
assuming that some polynomial type functions exist. This kind of an 
approach is used for example in [19J, where a version of polynomials on 
metric spaces equipped with a doubling measure have been proposed. 
See also [2] , where a characterization of higher order Sobolev spaces via 
a quadratic multiscale expression is used to propose an other definition 
for Sobolev functions on any metric space. 
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